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1.1 Summary 
81 INTRODUCTION 
LET X BE a space (i.e. simplicial set) with base point, which is nilpotent (i.e. connected and its 
Postnikov tower can be refined to a tower of principal fibrations) and on which a finite group T 
acts, keeping the base point fied. If R is a subring of the rationals, then the simplicial group GX; 
(the R-completion of the loop group GX) has (because X is nilpotent) thk homotopy type of the 
loops on the R-localization of X and its homotopy groups ?T,,GX~ = R @ n,,+,X (n > 0) are 
R[ T]-modules. Let C denote the center of T and assume, for the moment, that b-’ E R, where b 
is the order of T. Then the main purpose of this note is to split GX;, in a natural manner into a 
direct product of spaces with T-action, and even finer into a direct product of spaces with 
C-action. These splittings of GX; will realize the algebraic splittings of its homotopy groups as 
R[ T]-modules, provided by ordinary representation theory. 
Recall that, if b-* E R, where b is the order of T, then, according to ordinary representation 
theory, there is an essentially unique finest natural splitting of R[ T]-modules into a direct product 
of R[T]-modules with the following properties: 
(i) there are as many factors as T has conjugacy classes of cyclic subgroups, 
(ii) one of the factors (say the first) consists exactly of the elements fixed under T, and 
(iii) each of the other factors admits in turn an essentially unique finest natural splitting into a 
direct product of a finite number of isomorphic R[C]-modules, where C is the center of T. 
We show that this finest natural splitting of the homotopy groups of GXi into R[ T]-modules 
can be realized by a natural splitting of all of GX; into a direct product of spaces with T-action. 
In this splitting the analogues, (ii)’ and (iii)’ below, of (ii) and (iii) above, hold: 
(ii)’ The first factor is (GXi)T, the simplicial subgroup that is fixed under T, and ?*(GXi)’ = 
(T*GX~)~. By applying the classifying space functor @ one thus gets a space WGX; (with 
T-action), which has the homotopy type of the R-localization of X, and for which P*( WGX;)’ = 
(7r* wGXi)T. Thus GX; and WGXi have the property that “the homotopy of theirfixed point sets 
is the fixed point set of their homotopy”. 
(iii)’ Each of the other factors admits a further natural splitting into a direct product of a finite 
number of isomorphic spaces with C-action realizing the further splitting of (iii) of the other 
factors of the homotopy groups into R[C]-modules. 
If b-’ 6Z R, then most of this still goes through. One needs no restriction on R in order to 
realize any natural splitting of R[T]-modules into a direct product of R[ T] or R[C]-modules by 
means of a natural splitting of GX; into a direct product of spaces with C-action. However, 
one ,has to assume that d-’ E R, where d denotes the order of TIC, in order to realize any natural 
splitting of R[ T]-modules into a direct product of R[ T]-modules by means of a natural splitting 
of GX,^ into a direct product of spaces with T-action and not merely C-action. 
1.2 Remark. 
These splitting results are analoguous to the wedge decompositions of Cooke and Smith[3], 
which realize direct product decompositions of the homology groups. A homotopy version of 
the argument used there yields (at least up to homotopy) our splittings into spaces with 
C-action, but not our splittings into spaces with T-action. 
1.3 Outline of the proof 
The first and hard part of the proof was done in [6], where the natural splittings of 
R[ T]-modules into a direct product of R[ T]-modules or R[C]-modules were extended to natural 
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splittings of the corresponding nilpotent groups, the R-nilpotent groups (see 03) with T-action, 
into u direct product of sets. This was done by induction on the nilpotency class of the groups 
involved. It turned out that the naturality carried the C-actions along, but that, in order to 
preserve the T-actions, one had to aueruge, which explains why one has to be able to divide by 
d, the order of T/C, to get splittings into T-sets. Similarly, to keep the first factor T-fixed, one 
had to average over all of T, and thus be able to divide by b, the order of T. 
The second and easy part of the proof is given here. It mainly consists of listing some 
consequences of [6], and then applying these to the simplicial group GXi, which in every 
dimension is the inverse limit of a tower of R-nilpotent groups with T-action. The naturality of 
the splittings of groups into sets implies that we get splittings of our simplicial group GX; into a 
product of simplicial sets. 
1.4 Organization of the paper 
After a brief review of the relevant facts about R[T]-modules (in §2), we list (in 93) the 
corresponding results on R-nilpotent groups with T-action. These we then apply to GX; in 04. 
32 SPLITTING LEFT R[T]-MODULES 
In this section we recall some facts in representation theory[4,8]. 
2.1. 
Let R be a subring of the ration&, let T be a finite group and let R[T] be the group ring of 
T over R. Then one can choose elements p,, . . . , pk E R[ T] such that 
(i) each pi is an idempotent (i.e. pf = pif 0). 
(ii) each pi is central (i.e. tpi = pit for all t E T), 
(iii) the pi are puirwise orthogonal (i.e. pipj = 0 for i# j), 
(iv) each pi is a primitive central idempotent (i.e. cannot be expressed us the sum of two 
orthogonal central idempotents), 
(v) P2, * . . 9 Pk are in the augmentation ideal of R[ T], and 
(vi) pl+“‘+pk=l. 
In fact, p1 is uniquely determined by these conditions, and so are, except for their order, p2, 
* . . , Pk. 
An important property of these pi is that, for every left R[ T]-module M, they give rise to a 
@test) natural splitting 
p,Mx- ..XpkM-M 
of M into u direct product of left R[T]-submodules. Moreover p,M contains the trivial 
R[T]-module MT, that consists of the elements of M which remain fixed under the action of T. 
If one relaxes the requirement that the idempotents be central, then one may choose, for 
every i, u sequence of pair-wise orthogonal primitive idempotents pi.1,. . . , pi,j, E R[T] such that 
PiI+’ r * + pi,j; = pie These pi,j induce, for every left R[T]-module M, a @nest) natural splitting 
*pi,lM X * . * X pi,jiM z piM 
of piM into a direct product of R[C]-submodules, where C denotes the center of T. There is 
some choice in the pi,j, as not only a change of order, but also conjugation with any invertible 
element of R[T] , produces another such sequence of idempotents. The factors pi,jM thus are 
only unique up to a change of order and natural isomorphisms. 
2.2. 
Ordinary (as opposed to modular) representation theory deals with the case when b-’ E R, 
where b denotes the order of T. Then [8, Prop. 231 the number of factors k is exactly the 
number of conjugacy classes of cyclic subgroups of T. Furthermore p1 = b-‘(t, +. . . + tb), 
where t,, . . . , tb are the elements of T, and p, M = M ‘, the submodule of elements fixed under T. 
Another feature of the ordinary case is that j, = 1 and that, for each i > 1, the idempotents 
Pi.17 1 * . 3 Pi,j; are conjugate and that consequently there are natural isomorphisms between any 
two of the R[C]-modules pi.lM, . . . , pi,jiM. 
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$3 SPLITTING R-NILPOTENT GROUPS WITH T-ACTIONS 
3.1 The general case 
The nilpotent analog of a left R[T]-module is an R-nilpotent group with T-action, (i.e. a 
nilpotent group with T-action, which is uniquely q-divisible for every prime q such that 
q-’ E R). For such groups one can [6, prop. 2.4, 4.1 and 4.31 choose functions P~J. . . . , pk,jk 
which assign, in a natural manner, to each R-nilpotent group V with T-action, subsets with 
C-action (i.e. closed under the action of C) pi.1 V. . . , pk,jkV C V such that 
(i) the C-map 
p1.1 V X ’ * ’ X Pk.jrV-).V 
obtained by multiplying out (i.e. (~1.1, . . . , uk,jk)-)ul.l . . . Uk.jk) is l-l and onto, and 
(ii) if V is abelian, then the pi,jV are as in 2.1. Moreover [6, prop. 4.21 this splitting of V into 
a direct product of subsets with C-action is unique, in the sense that any other choice of the pi,j 
would give rise to (naturally) isomorphic subsets with C-action. 
For each i, one can of course combine the sets with C-action pi.1 V, . . . . pi.j,V by multiplying 
them in the given order into one subset with C-action 
The resulting C-maps 
Pi.1 v x . * ’ x Pi.j, v + Pi v 
are clearly also l-l and onto. If V is abelian, then the piV are as in 2.1. 
3.2 The restricted case 
There is in general no reason why the subjsets piV obtained above would be closed under 
the action of all of T. However, if d-’ E R, where d denotes the order of T/C, then [6, prop. 4.41 
one can choose the functions pi,j in such a manner that they satisfy all the conditions of 3.1 and 
that in addition each piV is a subset with T-action. The T-map 
p,vx** -xpkV-)V 
then is clearly also l-l and onto. 
3.3 The “ordinary” case 
Finally if 6-l E R, where b denotes the order of T, then [6, prop. 4.61 one can choose the 
functions pi,j in such a manner that they satisfy all the conditions of 3.1 and 3.2 and that in 
addition, for every V, one has pI V = VT, the subgroup fixed under T. Moreover j, = 1 and [6, 
prop. 4.21 for each i > 1, there are natural isomorphisms between any two of the sets with 
C-action pi.1 V, . . . , pi,jjV. 
4.1 The simplicial group GX; 
$4 SPLITTING X; 
Let X be a simplicial set with base point, which is nilpotent (i.e. connected and its 
Postnikov tower can be refined to a tower of principal fibrations, and on which T acts, keeping 
the base point fixed. Applying to X the loop group functor G [5], one gets a free simplicial group 
GX, which has the homotopy type of the loops on X, and dimensionwise R-completion [2, Ch. 
IV] of GX yields a simplicial group GXu, which has [2, Ch. IV and V] (because X is &potent) 
the homotopy type of the loops on the R-localization of X. Of course, the T-action on X 
induces a T-action on GX and hence on GX;. 
The nilpotency of X implies that the 7r,,GXi (n > 0) are left R[ T]-modules and that pOGXi 
is an R-nilpotent group with T-action. These groups thus admit the natural splittings into direct 
products of 02 and 03. Furthermore. GX; is in every dimension the inverse limit of a tower of 
R-nilpotent groups with T-action, and the functions pi,j of §3 can therefore be applied to G.Xi, 
with the following results: 
4.2 The general case 
Application of the functions pi.j of 3.1 to GX; yields simplicial subsets with C-action 
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p;.tGXi C GX; such that the C-map 
p,,,GXi x - - - x P~,~~GX; + GXR 
obtained by multiplying out, is an isomorphism of simplicial sets with C-action and the 
naturality of the pi-i readily implies that 
r”pi,jGXi = pi,jr”GXi for all n. 
A diflerent choice of the pi,j in 3.1 would result in a splitting of GXi with (naturally) isomorphic 
factors. 
For each i one can again combine the simplicial sets with C-action pi,iGXi, . _ , pi,j;GXR into 
one simplicial set with C-action 
PiGXi = (pi,lGXi) . . .(pi,jiGXi) C GX,^ 
by multiplying them in the given order, and it is clear from 3.1 that GX,* is a direct product of 
the piGXi and that each piGXi is a direct product of the pi,jGXi. 
4.3 The restricted case 
If d-’ E R, where d is the order of T/C, then application of the functions pi,j of 3.2 to GX,^ 
yields simplicial subsets with C-action pi,jGXI; C GX; which have the properties of 4.2. In 
addition, the T-invariance of the piV’s implies that the resulting simplicial subsets piGXi C 
GXi inherit a T-action, and the map 
obtained by multiplying out, is not only l-l and onto, but also a T-map. As before 
TnpiGXI; = pin,GXi for all n. 
4.4 The “ordinary” case 
Finally if b-’ E R, where b denotes the order of T, then application of the functions pi,j of 
3.3 to GX; yields simplicial subsets with C-action pi,,GXi C GX;, which have all the properties 
of 4.2 and 4.3 and in addition are such that p,GXi = (GXi)‘, the simplicial subgroup fixed under 
T, and 
r”(GXi)* = (7r”GXi)r for all n. 
By applying the classifying space functor I%‘[71 one thus gets the space WGX; (with T-action), 
which has the homotopy type of the R-localization of X, and for which 
7rn ( I@GXi)’ = (n;, WGX;)’ for all n. 
Thus GXi and WGXi have the property that “the homotopy of their fixed point sets is the fixed 
point set of their homotopy”, even though the homotopy of X may be totally unrelated to the 
homotopy of its fixed point set XT. 
Another feature of the “ordinary” case is that j, = 1, and that, for each i > 1, there are 
natural isomorphisms between any two of the factors of piGX,^, i.e. the simplicial sets with 
C-action PiiGXi;, . . . , p&Xi. 
4.5 Remark 
If X is reduced (i.e. has only one vertex) then there is a natural [7] map X + 6’GXi which is an 
R-homology equivalence and is automatically a T-map. However in general, there is no natural 
such map, and the construction of an R-homology equivalence X+ WGXi depends[S] on the 
choice of a maximal tree in X. The resulting map will be a T-map if and only if the maximal tree is 
closed under the action of T, and a necessary and sufficient condition for this is that, for every 
subgroup SC T, the fixed point simplicial set Xs be connected. 
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